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APPROXIMATE BIPROJECTIVITY OF CERTAIN SEMIGROUP
ALGEBRAS
A. SAHAMI AND A. POURABBAS
Abstract. In this paper, we investigate the notion of approximate biprojectivity for semigroup
algebras and for some Banach algebras related to semigroup algebras. We show that ℓ1(S) is
approximately biprojective if and only if ℓ1(S) is biprojective, provided that S is a uniformly
locally finite inverse semigroup. Also for a Clifford semigroup S, we show that approximate
biprojectivity ℓ1(S)∗∗ gives pseudo amenability of ℓ1(S). We give a class of Banach algebras
related to semigroup algebras which is not approximately biprojective.
1. Introduction
Amenable Banach algebras were introduced by Johnson in [13]. In fact a Banach algebra A
is amenable, if every continuous linear derivation D : A → X∗ is inner, for every Banach A-
bimodule X. He showed that A is amenable Banach algebra if and only if A has an approximate
diagonal, that is a bounded net (mα)α in A⊗pA such that πA(mα)a→ a and a ·mα−mα ·a→ 0,
for every a ∈ A.
Most important notions related to amenability in the theory of homological Banach algebras
are biflatness and by biprojectivity which introduced by Helemskii in [11]. Indeed, A is called
biflat (biprojective), if there exists a bounded A-bimodule morphism ρ : A → (A ⊗p A)
∗∗
(ρ : A→ A⊗pA) such that π
∗∗ ◦ρ is the canonical embedding of A into A∗∗ (ρ is a right inverse
for πA), respectively.
Recently some modificated notions of amenability like approximate amenability and pseudo
amenability introduced, see [7], [9] and [10]. In order to these new notions, approximate homo-
logical notions like approximate biprojective Banach algebras and approximate biflat Banach
algebras introduced, for more information see [24] and [23].
Kanuith et al. in [14] introduced the notion of left φ-amenable Banach algebras, where φ is
a character on that Banach algebra. Later on the concepts of left φ-contractible and character
amenable Banach algebras were defined, see [22] and [16].
Semigroup algebras are very important Banach algebras. The amenability of these Banach
algebras studied in many papers, common reference about the amenability of semigroup algebras
is [3]. Recently modificated notions like pseudo-amenability, pseudo-contractibility and approx-
imate amenability of semigroup algebras have been investigated, see [6], [5] and [18]. Indeed
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they studied pseudo-amenability, pseudo-contractibility and approximate amenability of ℓ1(S),
where S is an inverse group, band semigroup and etc. Biflatness and biprojectivity of semi-
group algebras were another problem which investigated in [2] and [17]. In fact in [17] author
showed that for an inverse semigroup S, ℓ1(S) is biflat (biprojective) if and only if each maximal
subgroup S is amenable (finite) and S is uniformly locally finite semigroup, respectively. The
question is what will happen if semigroup algebra ℓ1(S) is approximate biprojective?
In this paper we use left φ-contractibility and left φ-amenability to investigate approximate
biprojectivity of semigroup algebras. We show that approximate biprojectivity of ℓ1(S) implies
the finiteness of S, for some classes of semigroups. We study approximate biprojectivity of the
second dual of semigroup algebras. We show that for Clifford semigroup S, approximate bipro-
jectivity of ℓ1(S)∗∗ implies that ℓ1(S) is pseudo-amenable. We give a criteria which shows that
some triangular Banach algebras related to semigroup algebras are not approximate biprojective.
2. Preliminaries
Let A be a Banach algebra. We recall that if X is a Banach A-bimodule, then X∗ is also a
Banach A-bimodule via the following actions
(a · f)(x) = f(x · a), (f · a)(x) = f(a · x) (a ∈ A, x ∈ X, f ∈ X∗).
Throughout, the character space of A is denoted by ∆(A), that is, all non-zero multiplicative
linear functionals on A. Let φ ∈ ∆(A). Then φ has a unique extension φ˜ ∈ ∆(A∗∗) which is
defined by φ˜(F ) = F (φ) for every F ∈ A∗∗.
Let A and B be Banach algebras. The projective tensor product of A with B is denoted by
A⊗p B. The Banach algebra A⊗p A is a Banach A-bimodule via the following actions
a · (b⊗ c) = ab⊗ c, (b⊗ c) · a = b⊗ ca (a, b, c ∈ A).
We recall that ∆(A⊗pB) = {φ⊗ψ|φ ∈ ∆(A), ψ ∈ ∆(B)}, where φ⊗ψ(a⊗b) = φ(a)ψ(b), for
every a ∈ A and b ∈ B. We denote πA : A⊗p A→ A for the product morphism which specified
by πA(a⊗ b) = ab.
Let {Aα}α∈Γ be a collection of Banach algebras. Then we define the ℓ
1-direct sum of Aα by
ℓ1 −⊕α∈ΓAα = {(aα) ∈
∏
α∈Γ
Aα :
∑
α∈Γ
||aα|| <∞}.
It is easy to verify that
∆(ℓ1 −⊕α∈ΓAα) = {⊕φβ : φβ ∈ ∆(Aβ), β ∈ Γ},
where ⊕φβ((aα)α∈Γ) = φβ(aβ) for every (aα)α∈Γ ∈ ℓ
1 −⊕α∈ΓAα and every β ∈ Γ.
Let A be a Banach algebra and let Λ be a non-empty set. The set of all Λ × Λ matrixes
(ai,j)i,j which entries come from A is denoted by MΛ(A). With matrix multiplication and the
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following norm
||(ai,j)i,j|| =
∑
i,j
||ai,j || <∞,
MΛ(A) is a Banach algebra. MΛ(A) belongs to the class of ℓ
1-Munn algebras. The map θ :
MΛ(A)→ A⊗pMΛ(C) defined by θ((ai,j)) =
∑
i,j ai,j⊗Ei,j is an isometric algebra isomorphism,
where (Ei,j) denotes the matrix unit ofMΛ(C). Also it is well-known thatMΛ(C) is a biprojective
Banach algebra [17, Proposition 2.7].
The main reference for the semigroup theory is [12]. Let S be a semigroup and let E(S) be
the set of its idempotents. A partial order on E(S) is defined by
s ≤ t⇐⇒ s = st = ts (s, t ∈ E(S)).
If S is an inverse semigroup, then there exists a partial order on S which is coincide with the
partial order on E(S). Indeed
s ≤ t⇐⇒ s = ss∗t (s, t ∈ S).
For every x ∈ S, we denote (x] = {y ∈ S| y ≤ x}. S is called locally finite (uniformly locally
finite) if for each x ∈ S, |(x]| <∞ (sup{|(x]| : x ∈ S} <∞), respectively.
Suppose that S is an inverse semigroup. Then the maximal subgroup of S at p ∈ E(S) is
denoted by Gp = {s ∈ S|ss
∗ = s∗s = p}. For an inverse semigroup S there exists a relation D
such that sDt if and only if there exists x ∈ S such that ss∗ = xx∗ and t∗t = x∗x. We denote
{Dλ : λ ∈ Λ} for the collection of D-classes and E(Dλ) = E(S) ∩Dλ. An inverse semigroup S
is called Clifford if for each s ∈ S, there exists s∗ such that ss∗ = s∗s.
3. Approximate biprojectivity of semigroup algebras
We recall that a Banach algebra A is approximately biprojective, if there exists a net (ρα)α
of continuous A-bimodule morphism from A into A ⊗p A such that πA ◦ ρα(a) → a for every
a ∈ A. For more details see [24].
A Banach algebra A is called left φ-amenable (left φ-contractible), where φ ∈ ∆(A), if there
exists m ∈ A∗∗(m ∈ A) such that am = φ(a)m and φ˜(m) = 1 (φ(m) = 1), for every a ∈ A,
respectively, see [14] and [16].
A Banach algebra A is called pseudo-contractible if there exists a not necessarily bounded net
(mα)α in A⊗p A such that a ·mα = mα · a and limα πA(mα)a = a, for every a ∈ A. For further
details see [10].
We remind that S is a left amenable (a right amenable) semigroup if there exists an element
m ∈ ℓ1(S)∗∗ such that
s ·m = m (m = m · s), ||m|| = m(φ) = 1 (s ∈ S),
where φ is the augmentation character of ℓ1(S), respectively. The semigroup S is called
amenable, if it is both left and right amenable.
4 A. SAHAMI AND A. POURABBAS
Proposition 3.1. Let S be a semigroup and let Z(S) be a non-empty set. Then
(i) If ℓ1(S)∗∗ is approximately biprojective, then S is amenable;
(ii) If ℓ1(S) is approximately biprojective and S has left or right unit, then S is finite.
Proof. (i) Let ℓ1(S)∗∗ be approximately biprojective. Then there exists a net of bounded ℓ1(S)∗∗-
bimodule morphisms ρα : ℓ
1(S)∗∗ → ℓ1(S)∗∗ ⊗p ℓ
1(S)∗∗ such that πℓ1(S)∗∗ ◦ ρα(a)→ a for every
a ∈ ℓ1(S)∗∗. By [8, Lemma 1.7] there exists a bounded linear map ψ : ℓ1(S)∗∗ ⊗p ℓ
1(S)∗∗ →
(ℓ1(S)⊗p ℓ
1(S))∗∗ such that for a, b ∈ ℓ1(S) and m ∈ ℓ1(S)∗∗ ⊗p ℓ
1(S)∗∗, the following holds;
(∗) ψ(a⊗ b) = a⊗ b,
(∗∗) ψ(m) · a = ψ(m · a), a · ψ(m) = ψ(a ·m),
(∗∗∗) π∗∗
ℓ1(S)(ψ(m)) = πℓ1(S)∗∗(m).
It is easy to see that ρα0 = ψ ◦ ρα|ℓ1(S) : ℓ
1(S) → (ℓ1(S) ⊗p ℓ
1(S))∗∗ is a net of bounded ℓ1(S)-
bimodule morphisms.
Let φ be the augmentation character on ℓ1(S) and φ˜ be its extension to ℓ1(S)∗∗, for every
s0 ∈ Z(S) we have φ(δs0) = 1. Since φ˜ ◦ π
∗∗
ℓ1(S) ◦ ρ
α
0 (a) → φ(a) for every a ∈ ℓ
1(S), by taking
mα = ρ
α
0 (δs0), one can easily see that a ·mα = mα · a and φ˜ ◦ π
∗∗
ℓ1(S)(mα) → 1. We can assume
φ˜◦π∗∗
ℓ1(S)(mα) = 1 by considering
mα
φ˜◦π∗∗
ℓ1(S)
(mα)
instead ofmα. So we have a·mα = mα ·a = φ(a)mα
and φ˜ ◦ π∗∗
ℓ1(S)(mα) = 1.
Set µα = π
∗∗
ℓ1(S)(mα), so µα ∈ ℓ
1(S)∗∗, δsµα = µαδs = µα and φ˜(µα) = µα(φ) = 1, hence S is
an amenable semigroup, see the proof of [5, Corollary 2.10].
(ii) Suppose that (ρα)α is a net of continuous ℓ
1(S)-bimodule morphism such that limα πℓ1(S)◦
ρα(a) = a, for every a ∈ A. Set Mα = ρα(δs0), where s0 ∈ Z(S), then it is easy to see that
a ·Mα = Mα · a and φ(πℓ1(S)(Mα)) → 1, where φ is the augmentation character. Without loss
of generality we may assume that a ·Mα = Mα · a = φ(a)Mα and φ(πℓ1(S)(Mα)) = 1. So ℓ
1(S)
is left and right φ-contractible. Now using the same arguments as in the [5, Corollary 2.10], we
can find m ∈ ℓ1(S) such that
δsm = mδs = m.
If el is a left identity for S, then for every s ∈ S, we have
m(s) = m(els) = δsm(el) = m(el),
that is, m ∈ ℓ1(S) is a constant function on S, so S must be finite. 
Remark 3.2. Note that the converse of the previous Proposition (i) is not always true. To see this
let S = G be an infinite, discrete and amenable group. Suppose that ℓ1(G)∗∗ is approximately
biprojective. Since ℓ1(G) is unital, then ℓ1(G)∗∗ is unital too. Hence by [10, Proposition 3.8]
ℓ1(G)∗∗ is a pseudo-contractible Banach algebra. So ℓ1(G)∗∗ is pseudo-amenable. Applying [10,
Proposition 4.2] G must be finite which is a contradiction.
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Example 3.3. Let S =
{(
0 a
0 b
)
|a, b ∈ C
}
. With the matrix multiplication S is a semigroup.
We claim that ℓ1(S) is not approximately biprojective. We go toward a contradiction and
suppose that ℓ1(S) is approximately biprojective. Let s0 =
(
0 0
0 0
)
∈ Z(S) and let s1 =(
0 1
0 1
)
be a right unit for S. Now the hypothesis of the previous Proposition(ii) holds. So S
is finite which is a contradiction.
Similarly for S =
{(
a b
0 c
)
|a, b, c ∈ C
}
or S =
{(
a b
c d
)
|a, b, c, d ∈ C
}
, ℓ1(S) is not
approximately biprojective.
Moreover if S =
{(
0 a
0 0
)
|a ∈ C
}
, then S is amenable, but ℓ1(S) is not approximately
biprojective. To see this we suppose that ℓ1(S) is approximately biprojective. Then there exists
a net of ℓ1(S)-bimodule morphism (ρα)α : ℓ
1(S)→ ℓ1(S)⊗p ℓ
1(S) such that πℓ1(S) ◦ ρα(a)→ a,
for every a ∈ ℓ1(S). Set s0 =
(
0 0
0 0
)
and s1 =
(
0 1
0 0
)
. Let ρα(δs1) =
∑
∞
i=1 a
α
i ⊗ b
α
i , for
some nets {aαi } and {b
α
i } in ℓ
1(S). Since δsδs′ = δs0 for every s, s
′ in S, there exists a net {xα}
in C such that
πℓ1(S) ◦ ρα(δs1) = xαδs0 ,
then
πℓ1(S) ◦ ρα(δs1) = xαδs0 9 δs1 ,
which is a contradiction.
Proposition 3.4. Let S be a semigroup. If ℓ1(S)∗∗ is pseudo-contractible, then S is amenable.
Proof. Let ℓ1(S)∗∗ be pseudo-contractible. By [1, Theorem 1.1], ℓ1(S)∗∗ is left and right φ-
contractible, for every φ ∈ ∆(ℓ1(S)). By [16, Proposition 3.5] ℓ1(S) is left and right φ-amenable,
for every φ ∈ ∆(ℓ1(S)) including the augmentation character, so with similar argument as in
the proof of Proposition 3.1, one can show that S is an amenable semigroup. 
The following lemma is similar to [17, Proposition 2.2] which we omit the proof.
Lemma 3.5. Let A and B be Banach algebras. Suppose that A is unital and B has a non-zero
idempotent. If A⊗p B is approximately biprojective, then A is approximately biprojective.
Theorem 3.6. Let S be an inverse semigroup which (E(S),≤) is uniformly locally finite. Then
ℓ1(S) is approximately biprojective if and only if ℓ1(S) is biprojective.
Proof. Let ℓ1(S) be approximate biprojective. Then there exists a net (ρα)α of continuous
ℓ1(S)-bimodule morphism from ℓ1(S) into ℓ1(S)⊗p ℓ
1(S) such that πℓ1(S) ◦ ρα(a)→ a, for every
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a ∈ ℓ1(S). Since S is a uniformly locally finite semigroup, by [17, Theorem 2.18] we have
ℓ1(S) ∼= ℓ1 −
⊕
{ME(Dλ)(ℓ
1(Gpλ))},
where Dλ is a D-class and Gpλ is a maximal subgroup of S at pλ.
Let Ppλ : ℓ
1(S) → ME(Dλ)(ℓ
1(Gpλ)) be a homomorphism which is dense range. It is easy to
see that Ppλ is a bounded ℓ
1(S)-bimodule morphism. Define
ηα = Ppλ ⊗ Ppλ ◦ ρα|ME(Dλ)(ℓ
1(Gpλ ))
:ME(Dλ)(ℓ
1(Gpλ))→ME(Dλ)(ℓ
1(Gpλ))⊗pME(Dλ)(ℓ
1(Gpλ)).
It is easy to see that (ηα)α is a net of ME(Dλ)(ℓ
1(Gpλ))-bimodule morphism which satisfied
πME(Dλ)(ℓ
1(Gpλ ))
◦ ηα(a) = πME(Dλ)(ℓ
1(Gpλ ))
◦ Ppλ ⊗ Ppλ ◦ ρα|ME(Dλ)(ℓ
1(Gpλ ))
(a)
= Ppλ ◦ πℓ1(S) ◦ ρα|ME(Dλ)(ℓ
1(Gpλ ))
(a)→ a,
(3.1)
for every a ∈ ME(Dλ)(ℓ
1(Gpλ)). Therefore ME(Dλ)(ℓ
1(Gpλ)) is an approximately biprojective
Banach algebra. By Lemma 3.5 it is easy to see that ℓ1(Gpλ) is approximately biprojective.
Then by [10, Proposition 3.8] ℓ1(Gpλ) is pseudo-contractible, hence Gpλ is finite. Then ℓ
1(S) is
biprojective by the main result of [17].
Converse is clear. 
Theorem 3.7. Let S = ∪e∈E(S)Ge be a Clifford semigroup such that E(S) is uniformly locally
finite. If ℓ1(S)∗∗ is approximately biprojective, then ℓ1(S) is pseudo-amenable.
Proof. Let ℓ1(S)∗∗ be approximately biprojective. Then there exists a net (ρα)α of continuous
ℓ1(S)∗∗-bimodule morphism from ℓ1(S)∗∗ into ℓ1(S)∗∗ ⊗p ℓ
1(S)∗∗ such that πℓ1(S)∗∗ ◦ ρα(a)→ a
for every a ∈ ℓ1(S)∗∗. Since S is a uniformly locally finite semigroup, by [17, Theorem 2.16]
ℓ1(S) ∼= ℓ1 − ⊕e∈E(S)ℓ
1(Ge). Let xe be a unit element of ℓ
1(Ge) and let φ ∈ ∆(ℓ
1(Ge)). It is
well-known that the maps b 7→ xeb and b 7→ bxe are w
∗ − w∗-continuous on ℓ1(S)∗∗. Then for
every a ∈ ℓ1(S)∗∗, we have axe = xea and φ˜(xe) = 1, where φ˜ ∈ ∆(ℓ
1(S)∗∗) is the extension
of φ. Define meα = ρα(xe) ∈ ℓ
1(S)∗∗ ⊗ ℓ1(S)∗∗. Using [8, Lemma 1.7] we can consider meα in
(ℓ1(S) ⊗p ℓ
1(S))∗∗. It is easy to see that a · meα = m
e
α · a and φ˜ ◦ π
∗∗
ℓ1(S)(m
e
α) = 1, for every
a ∈ ℓ1(S))∗∗. Applying [20, Proposition 2.2] ℓ1(S)∗∗ is left φ˜-amenable. By [14, Proposition
3.4] ℓ1(S) is left φ-amenable. Since φ|ℓ1(Ge) is non-zero, by [14, Lemma 3.1] ℓ
1(Ge) is left φ-
amenable. Then by similar argument as in the proof of [19, Theorem 2.1.8], Ge is amenable, for
every e ∈ E(S). To finish the proof apply [6, Theorem 3.7]. 
Example 3.8. (i) There exists a pseudo-amenable Banach algebra which is not approxi-
mately biprojective. To see this, let G be an infinite amenable group. Then by [10,
Proposition 4.1] ℓ1(G) is pseudo-amenable. Suppose that ℓ1(G) is approximately bipro-
jective. Since ℓ1(G) is unital, using the same argument as in the proof of previous
Proposition, one can show that ℓ1(G) is left φ-contractible. Then by [16, Theorem 6.1]
G is finite which is a contradiction. Hence ℓ1(G) is not approximately biprojective.
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(ii) There exists an approximately biprojective Banach algebra which is not pseudo-
contractible. To see this, let A =MΛ(C), where Λ is an infinite set. By [17, Proposition
2.7] A is biprojective, so A is approximately biprojective. On the other hand if A
is pseudo-contractible, then A has a central approximate identity. Therefore by [5,
Theorem 2.2] Λ is finite, which is a contradiction.
(iii) Now we give a semigroup algebra which is approximately biprojective but it is not
pseudo-contractible. Let S be a right zero semigroup, that is, st = t for every s, t ∈ S,
and let |S| ≥ 2. Let φ be the augmentation character on ℓ1(S), so for every f, g ∈ ℓ1(S)
we have f ∗ g = φ(f)g. One can see that ℓ1(S) is biprojective, hence it is approximately
biprojective, but if ℓ1(S) is pseudo-contractible, then ℓ1(S) has a right approximate
identity (eα). Consider f0 ∈ ℓ
1(S) such that φ(f0) = 1, so
(3.2) f0 = lim
α
f0 ∗ eα = lim
α
φ(f0)eα = lim
α
eα,
that is f0 is a right unit for ℓ
1(S). On the other hand
(3.3) g ∗ f0 = lim
α
g ∗ eα = φ(g)f0,
for every g ∈ ℓ1(S). Let s be an arbitrary element of S. Then by (3.2) and (3.3), we
have δs = δs ∗ f0 = f0 which implies that |S| = 1. Therefore a contradiction reveals.
Note that example (iii) shows that the hypothesis Z(S) 6= ∅ in the Proposition 3.1(ii) is
necessary. Because if we consider a right zero semigroup S with |S| =∞, then Z(S) = ∅ and S
has a left identity. One can show that ℓ1(S) is approximately biprojective but S is not finite.
Zhang in [24] gives an example of approximately biprojective Banach algebra which is not
biprojective.
Theorem 3.9. Let A be an approximately biprojective Banach algebra with a left approximate
identity (right approximate identity) and let φ ∈ ∆(A). Then A is left φ-contractible(right
φ-contractible), respectively.
Proof. Suppose that A is approximately biprojective. Then there exists a net of A-bimodule
morphisms (ρα)α from A into A⊗p A such that πA ◦ ρα(a)→ a, for every a ∈ A. Let L = ker φ.
Define ηα := idA⊗ q ◦ ρα : A→ A⊗p
A
L
, where q is a quotient map. It is easy to see that ηα is a
left A-module morphism, for every α. Since A has a left approximate identity, AL = L, so for
every l ∈ L, there exist a ∈ A and l
′
∈ L such that l = al
′
. Also since for every l ∈ L, q(l) = 0
and (ρα) is a net of A-bimodule morphism, we have
ηα(l) = idA ⊗ q ◦ ρα(l) = idA ⊗ q ◦ ρα(al
′
) = idA ⊗ q ◦ (ρα(a) · l
′
) = 0.
Thus ηα can be dropped on
A
L
, for every α. So we can see that ηα :
A
L
→ A ⊗p
A
L
is a left
A-module morphism.
8 A. SAHAMI AND A. POURABBAS
We define a character φ on A
L
by φ(a+L) = φ(a), for every a ∈ A. Consider γα = idA⊗φ◦ηα :
A
L
→ A. Since
γα(a · x+ L) = idA ⊗ φ ◦ ηα(ax+ L) = idA ⊗ φ ◦ ηα(ax)
= a · (idA ⊗ φ ◦ ηα)(x),
(3.4)
and ηα is a left A-module morphism, γα is a left A-module morphism. Note that (γα) is a net
of non-zero maps. To see this consider
φ ◦ γα(x+ L) = φ⊗ φ ◦ ηα(x+ L) = φ⊗ φ ◦ ηα(x)
= φ ◦ πA ◦ ρα(x)→ φ(x) 6= 0,
(3.5)
for every x ∈ A. Pick x0 in A such that φ(x0) = 1. Define mα = γα(x0 + L). Then we have
φ(mα) = φ ◦ γα(x0 + L) = φ ◦ πA ◦ ρα(x0)→ φ(x0) = 1.
Consider
ax0 + L = (a− φ(a)x0 + φ(a)x0)x0 + L = ax0 − φ(a)x
2
0 + φ(a)x
2
0 + L
= φ(a)x20 + L
= φ(a)x0 + L,
(3.6)
since x20 − x0 ∈ L. Therefore
amα = aγα(x0 + L) = γα(ax0 + L) = φ(a)γα(x0 + L) = φ(a)mα.
Replacing (mα) with (
mα
φ(mα)
), we can assume that amα = φ(a)mα and φ(mα) = 1. Then A is
left φ-contractible, see [16, Theorem 2.1]. 
Remark 3.10. Existence of a left approximate identity is essential for previous Theorem, which
we cannot omit it. To see this let A =
{(
0 a
0 b
)
|a, b ∈ C
}
. With matrix operation A
becomes a Banach algebra. It is easy to see that A is a biprojective Banach algebra. Then A is
approximately biprojective. If A has a left approximate identity, then an easy calculation shows
that dimA = 1 which is impossible. On the other hand if we define φ(
(
0 a
0 b
)
) = b. It is
easy to see that φ is a character on A. One can show that A is left φ-contractible if and only if
dimA = 1 which is impossible.
At the following result we extend [5, Corollary 2.10](ii), to the approximate biprojective case.
Corollary 3.11. Let S be a semigroup with a left unit. If ℓ1(S) is approximately biprojective
with a right approximate identity, then S is finite.
Proof. Let ℓ1(S) be approximately biprojective. By Theorem 3.9, ℓ1(S) is left and right φ-
contractible for every φ ∈ ∆(ℓ1(S)). Follow the same arguments as in the proof of [5, Corollary
2.10] to finish the proof. 
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Remark 3.12. Let S be a bicyclic semigroup, that is, S is a semigroup, generated by two elements
p and q which pq = e for a unit element e. Then ℓ1(S) is a unital Banach algebra. Using the
previous Corollary, one can see that ℓ1(S) is not approximately biprojective.
Consider the semigroup S = N∨, with semigroup operation m ∨ n = max{m,n}, where m
and n are in S. It is easy to see that ℓ1(S) is a unital Banach algebra with unit δ1. Since S is
an infinite semigroup, by previous Corollary ℓ1(S) is not approximately biprojective.
Suppose that A and B are Banach algebras and M is a Banach (A,B)-module. The matrix
algebra T =
(
A M
0 B
)
is called a triangular Banach algebra which equipped with the norm
‖
(
a m
0 b
)
‖T = ‖a‖A + ‖m‖M + ‖b‖B for a ∈ A, m ∈M and b ∈ B.
In [15, Corollary 3.3] the authors showed that some triangular Banach algebras are not bipro-
jective at all. Here at the following theorem we are going to extend this result to the approxi-
mately biprojective case.
Theorem 3.13. Let A be a Banach algebra with a left approximate identity and let φ ∈ ∆(A).
Then T =
(
A A
0 A
)
is not approximately biprojective.
Proof. We are going toward a contradiction and suppose that T is approximately biprojective.
Define a character ψφ on T by ψφ(
(
a x
0 b
)
) = φ(b), for every a, x and b in A. Since A has
a left approximate identity, by Theorem 3.9, T is a left ψφ−contractible Banach algebra. Set
I =
(
0 A
0 A
)
. Clearly I is a closed ideal in T which ψφ|I 6= 0. Then by [16, Proposition 3.8]
I is left ψφ-contractible too. Then there exists
(
0 i
0 j
)
∈ I such that
(3.7)
(
0 a
0 b
)(
0 i
0 j
)
= ψφ(
(
0 a
0 b
)
)
(
0 i
0 j
)
= φ(b)
(
0 i
0 j
)
and
ψφ
(
0 i
0 j
)
= φ(j) = 1,
for every a, b ∈ A. Suppose that (eα)α is the left approximate identity of A. Let a ∈ {eα}α and
b be an arbitary element of ker φ. Put a and b in (3.7) we have aj = φ(b)i = 0. This implies
that eαj = 0 for every α. Since eα is an approximate identity for A, we have j = 0. On the
other hand φ(j) = 1 which is a contradiction. 
Consider the semigroup N∧, with the semigroup operation m ∧ n = min{m,n}, where m and
n are in N. Let w : N∧ → R
+ be a weight, that is a function which w(st) ≤ w(s)w(t), for
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every s, t ∈ S, for the further details see [4]. We recall that for every weight ℓ1(N∧) has an
approximate identity, see [4, Proposition 3.3.1]. Also ∆(ℓ1(N∧), w) consists precisely of the all
functions φn : ℓ
1(N∧, w)→ C defined by φn(
∑
∞
i=1 αiδi) =
∑
∞
i=n αi for every n ∈ N.
Corollary 3.14. Let S = N∧ and w be a weight on S. Then T =
(
ℓ1(S,w) ℓ1(S,w)
0 ℓ1(S,w)
)
is
not approximately biprojective.
Proof. It is well-known that for every weight ℓ1(S,w) has an approximate identity. Then T has
an approximate identity. Now apply previous Theorem, to finish the proof. 
Corollary 3.15. Let S = N∧. Then T =
(
ℓ1(S)∗∗ ℓ1(S)∗∗
0 ℓ1(S)∗∗
)
is not approximately biprojec-
tive.
Proof. We go toward a contradiction and suppose that T is approximately biprojective. Since
ℓ1(S) has a bounded approximate identity, see [4, Proposition 3.3.1], ℓ1(S)∗∗ has a right unit.
So T has a right unit. Let φ ∈ ∆(ℓ1(S)∗∗) and ψφ(
(
a x
0 b
)
) = φ(a), for every a, x and b in
ℓ1(S)∗∗. Apply Theorem 3.9, T is right ψφ-contractible. Set I =
(
ℓ1(S)∗∗ ℓ1(S)∗∗
0 0
)
. Then
I is right ψφ|I -contractible. But follow the similar arguments as in the proof of Theorem 3.13
implies that I is not right ψφ|I -contractible which is a contradiction. 
Corollary 3.16. Let S be a right zero semigroup. Then T =
(
ℓ1(S) ℓ1(S)
0 ℓ1(S)
)
is not approx-
imately biprojective.
Proof. Since S is a right zero semigroup, ℓ1(S) has a left unit. Then T has a left unit too. By
Theorem 3.13, T is not approximately biprojective. 
Proposition 3.17. Let S = ∪e∈E(S)Ge be a Clifford semigroup such that E(S) is uniformly
locally finite. Then T =
(
ℓ1(S)∗∗ ℓ1(S)∗∗
0 ℓ1(S)∗∗
)
is not approximately biprojective.
Proof. It is well-known that ℓ1(S) ∼= ℓ1 − ⊕e∈E(S)ℓ
1(Ge). Let xe denote for unit element of
ℓ1(Ge). It is easy to see that δxe commutes with every elements of ℓ
1(S). Since two maps
b 7→ δxeb and b 7→ bδxe are w
∗−w∗-continuous on ℓ1(S)∗∗, where b ∈ ℓ1(S)∗∗, δxe also commutes
with every elements of ℓ1(S)∗∗. Consider the element t =
(
δxe 0
0 δxe
)
∈ T , it is east to see
that t commutes with every element of T . Let φ be the augmentation character on ℓ1(S) and
φ˜ its extension to ℓ1(S)∗∗ and ψφ˜ be the character on T which defined in the proof of Theorem
3.13 with respect to φ˜. Now go toward a contradiction and suppose that T is approximate
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biprojective. Follow the same arguments as in the proof of Proposition 3.1, T is left and right
ψφ˜-contractible. Let I =
(
0 ℓ1(S)∗∗
0 ℓ1(S)∗∗
)
. It is easy to see that I is a closed ideal of T . Then
by [16, Proposition 3.8] I is left and right ψ
φ˜
-contractible. Hence there exists t1 and t2 in I such
that at1 = ψφ˜(a)t1, t2a = ψφ˜(a)t2 and ψφ˜(t1) = ψφ˜(t2) = 1, for every a ∈ I. Define m = t1t2 ∈ I,
then there exists element i and j in ℓ1(S)∗∗ such that m =
(
0 i
0 j
)
. It is easy to see that
(3.8) am = ma, ψ
φ˜
(m) = 1,
for every a ∈ I. Set a =
(
0 x
0 y
)
, where x, y ∈ ℓ1(S)∗∗ and put a in (3.8). Then we have
(3.9) xj = iy, φ˜(j) = 1,
for every x, y ∈ ℓ1(S)∗∗. Set x = δxe and y be any element of ker φ˜. Put these x and y in (3.9),
and take φ˜ on equation xj = iy it implies that φ˜(j) = 0 which is a contradiction. 
Proposition 3.18. Let G be a locally compact group. Then ℓ1(S) ⊗p M(G) is approximately
biprojective if and only if G is finite, where S is the semigroup which is defined in the Example
3.8.
Proof. Suppose that ℓ1(S) ⊗p M(G) is approximately biprojective. Since M(G) is unital and
ℓ1(S) has a left identity. Then by Theorem 3.9 ℓ1(S) ⊗p M(G) is left φ-contractible for every
φ ∈ ∆(ℓ1(S)⊗pM(G)). Apply [16, Theorem 3.14] to show that M(G) is character contractible,
hence by [16, Corollary 6.2] G is finite.
Converse holds By biprojectivity of ℓ1(S) and [17, Proposition 2.4]. 
Remark 3.19. We want to give some Banach algebras which is never approximately biprojective.
Consider the semigroup N∨, with semigroup operation m∨ n = max{m,n}, where m and n are
in N. Authors in [21, Example 3.5] showed that for every weight w : N∨ → R
+, ℓ1(N∨, w) is
not pseudo-contractible, then it is not approximately biprojective, since ℓ1(N∨, w) has a unit
δ1, see [4, page 43]. Let A be a Banach algebra with a bounded left approximate identity, with
∆(A) 6= ∅. Then use the similar arguments as in the previous Proposition A ⊗p ℓ
1(N∨, w) and
A⊕ ℓ1(N∨, w) are never approximately biprojective.
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